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Torsion Free Modules of Non-twisted Affine Algebras

D. J. BRITTEN, F. W. LEMIRE
AND F. ZORZITTO

Abstract. It is shown that all torsion free modules for non-twisted Affine Algebras having a
1-dimensional weight space are the result of the natural construction of tensoring the Lau-
rent polynomials with a torsion free module of the *underlying”simple finite dimensional Lie
Algebra.These latter modules have been completely determined by Britten and Lemire [1].

1 Introduction. In the theory of finite dimensional simple Lie algebras over the complex
numbers C, pointed torsion free modules played a central role in the classification [1] of
infinite dimensional modules having a 1-dimensional one weight space. In this article, we
classify the pointed torsion free modules for non-twisted affine Lie algebras.

We begin by presenting the construction of the non-twisted affine algebras as found
in [5] and summarizing that portion of the finite dimensional theory which we require.
We postpone the statement of our main result until Section 2. Our basic references are
Humphreys [4] for finite dimensional Lie theory and Kac [5] for infinite dimensional Lie
theory.

Let L = C[i7!,1] be the algebra of Laurent polyonomials and let S be a finite dimensional
0
simple Lie algebra over C with a fixed Cartan subalgebra H. Let L(S) =1L ®3 be the

tensor product of L and 8 over the complex numbers. Following Kac, we find that the
non-twisted affine Lie algebras can be realized as

(1.1) i(g)=L(g)@CcoCd

where after fixing a non-degenerate symmetric bilinear C-valued form (.|.), the multipli-
cation 1s given by

(1.2) [ik @z +ve+ pd, 1B ® y +vic+ pud]
=15 @ [z,y] + pkit™ @y — mkt* @z + kék, _k, (zly)c
0
For a detailed discussion of (1.2) see [5,p.74]. The set H = (1@ H)® Cc® Cd is a Cartan
subalgebra for f,(g)

In this paper we use the terms simple and irreducible interchangeably when speaking of
modules.

0 0
DEFINITION. A nonzero H-diagonalizable g-module V is said to be torsion free provided
that each root vector z acts in a 1 — 1 manner on all weight spaces. Similarly, a nonzero
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H-diagonalizable i}(g)-module Y is said to be torsion free provided that, for all integers

k and all root vectors = € 3, 1* @ z acts in a 1 — 1 manner on all weight spaces.

0 0 -
DEFINITION. An H-diagonalizable g—module V or an H-diagonalizable L(g)-modufe Vis
said to be pointed provided it is irreducible and it has at least one 1-dimensional weight
space.

One easily sees that a pointed torsion free module has only 1-dimensional weight spaces.
In {6], Lemire gave a construction of a family of pointed torsion free modules for algebras
3 of type A. Fernando [3] found a single construction which could be modified to give a

family of pointed torsion free modules for algebras 2 of either type A or C'. It begins with
the Weyl algebra W, of order n which can be realized as the associative subalgebra of
EndcClzy,...,z,] generated by {z;,8;]t = 1,...,n} where z; and 8, are viewed as left
multiplication by z; and partial differentiation with respect to z;, respectively. After we
describe C,, and A,,_;, we embed them into W,,.

Let R denote the set of real numbers, R” real n-space, and {¢;|t =1,...,n} the standard
basis for R". A root system for C, is given by

B(Cr) ={H(ei £ €)1 <i<j<n}U{F2¢)i=1,...,n}
and one for A,_; is contained in this as given by
B(An-1) = {2 — )1 S5 < j < n).
A base for each of these root systems is given by A(Cp) = {a1,...,an} = {e1—€2,...,€n-1—

€ny2¢n} and A(An_1) = {a1,...,an-1} = {1 —€2,...,€4-1 — €5}, Tespectively. We fix a
basis for C,, of the form

{Tr(ax)l S <y <n}U{zeaqli =1,...,0} U {bq;|ai € A(Ch)}

having the property that the map ¢ : C, — W, given by

(1.3) $(ze;-¢;) = 7,9; for 1<t # 5 <n,
(1.4) $(ze;4e;) = Tix; fore,3=1,...,n
(1.5) ¢(:c_(f'.+€j)):6,-3j fori,5=1,...,n
(1.6) qS(hf,.-fH,):.'1:,-3,-—.1:,'+13,~+1 fore=1,...,n -1
Tpn0n + OnZy
(1.7) d(h2e,) = —
1s a Lie algebra isomorphism. This allows us to consider Clzy,...,z,] as a C;, module and
0

to modify it somewhat to get the module M(&) equal to the complex linear span

0 - n
(1.8)  M(@) =lin. span{z® = a7 ---2}>[bi —a; € Z for all i and Y (b; ~a;) € 22}

i=1



where @ = (a1,...,ays) is fixed element of C™ with each a; ¢ Z. It is easy to check that

0
M(a) is a pointed torsion free module for Cp.
Since the basis above contains

{Ta(a-e)ll <3 <J < n}U{hgloi € A(An1)}

0
a basis for A,_1, the module M(&) can be viewed as a module for A,_;. This module has
0
a pointed torsion free submodule N(&) defined by the complex linear span

0 - n
1.9 N(d@) = lin. spanxb:mb‘---xb"bi—a.'EZfora.]liand b; —a;) =0}.
1 n

i=1

In (3], Fernando proved that the only algebras 2 which admit pointed torsion free modules
are of type A and C. Based on this Britten and Lemire [1] classified all pointed modules

for the algebras 3. A special case of which is given here.

THEOREM 1.10 [1]. The only pointed torsion free modules for the algebras Z are, up to
0 0
equivalence, the C,-modules M(d) and the A,_;-modules N(@).

Of central importance in our discussion are the pointed torsion free modules of A; which
we now illustrated further.

EXAMPLE 1.11. Let A; be the Lie algebra of 2 x 2 traceless matrices over C with basis
(10 [0 0 L1 0
~\o o ¥=\1 o0 —\o -1/°

0 0
Fix two pointed torsion free modules N(@) and N(¢) given by

0
N(") = lin. span{:z: =20z [b; —a; € Z for i = 1,2 and (&) — a1) + (b2 — a3) = 0}, and
5) hin. span{a: —':1:l :1:2’|d ci €7 forv =1,2 and (d; — ¢1) + (d2 ~ o) = 0}.

Then in each case the operators are gwen by ¢(x) = £10,, #(y) = 7201, and $(h) = 1,0, -

z202. We assume that N(") and N(g) are related in such a way that A =a) —as =c¢; — ¢

is the weight of both z% and 2% and S = s(s+A+1)=1(1+1+1)=7T where, s = a,
and 1 = c,. Note that

d)(a:)a:g = (s — l)a:b’ + b’ -1 </>(y):1:5 =(s+A+ l):z:ll’1 - 1:1:3"H and
$(2)z’ = (1~ )zP 'z g= 1, $(y)2T = (t+ A+ ot " lph

3



where { = (by —a;) = (d1 —¢1) € Z. Our assumptwn of § = T means that the operator
#(y)$(z) acts in an equivalent manner on z* and z° as

9{’(9)95(1')1‘& = 8z%, and
$(y)$(z)2” = T=".

0

In fact, our assumptions A = a; — 62 = ¢; — ¢ and § = T imply that the modules N(d)
0 0 0

and N(&) are equivalent. This equivalence is estalished by the map n : N(&) — N(d)

defined by linearity and n(xc‘H o l) = vy where

s- ..(3 - ([ — 1))xa,+£xaz—l for£ >0

Ty

1+1 (14 ai az —
((s+1;-..ES—!))xl g7, for <0

since p(zzS g™ l) = zn(xc’“ 27 for z € {z,y,h}.

0 0
Conversely, it is easy to check that if the modules N(@) and N(¢) are equivalent the
values S and 7 determined by the action of yx on the weight space A must be equal. Thus
the action of yx on a given weight space is independent of the choice of basis vector for
that weight space.

In the case of pointed torsion free C,, modules equivalence is completely determined by
a single weight.

COROLLARY 1.12. Two pointed torsion free Cy, modules having a common weight X are
equivalent.

PROOF: By Theorem 1.10, we may assume the two modules have the form given by (1.8),
0 0
say M(a) and M(&) with AM(ky,) = A = a;, —a;4; = ¢ci—cipy fors =1,...,n -1

0 0
.?,nd Mha,) = An = —2—“—"2ﬂ = -2&‘2-11 M(&) and M(Z) are equal because a; = ¢; for
s=1,...,n. §
To generalize the results of Example 1.11 to A,_; modules, we present the following
lemma.

LEMMA 1.13. Forn > 2, let V and U be two pointed torsion free A,_, modules having
a common weight A with A(hq,) # 0. Let the corresponding weight spaces be V) and
Ur with vy € V) and u) € Uy respective weight vectors. Then V and U are equivalent
provided

(1'14) Ty T, V2 = Q1Y) T, T, U\ = hivi= g1 = fl) and

(1.15) 2 (a,4as)Pap aa¥2 = 92V2, To(og+an)Taytar¥a = foix == g2 = fa.
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0 0
PROOF: According to Theorem 1.10, V and U are equivalent to N(@) and N(¢), respec-

0 0
tively. We assume that V = N(@) and & = N(&) and show that our assumptions force
0 0
N(@) = N(é). Ha; =ciforanys =1,...,n thend = Csincea;—aj4; = /\(ha,-) = ¢;—Cj41
forall y =1,...,n — 1. Observe that

az(as + AMha,) +1) = g1 = f1 = es(es + AM(ha,) + 1), and
a3(a3 + ’\(h01+02) + 1) =g = f2 = 63(63 + A(kal‘f'c"i) + 1)

imply ¢3 = a3, or — a3 — A(hqa,) — 1, and ¢35 = a3, or — a3 — A(ha; +a,) — 1. Therefore, we
can assume that c3 = —a3 — A(kq,) —1 and c3 = —a3 — A(ha, 4q, ) — 1 From this it follows
that A(ka,) = 0, contrary to assumption. i

Our aim in this article is to extend Theorem 1.10 and classify the pointed torsion free
representations for non-twisted affine algebras. In Section 2, we construct M{pu,ad) and

N{(p, @) the analogs of M%&') and N(()&') for the algebras c = jZ(Gn) and Asll_)l = i(An_ 1)
respectively and state our Main Theorem. In Section 3, we prove this result for c¥V. In
Section 4, we restrict our attention to pointed torsion free modules for A(ll) and produce
some needed identities. Section 5 completes the proof of the Main Theorem for Agl), and

Section 6 completes the proof by treating the case of Afll_)l

2 Construction and Statement of Main Theorem. In this Section, we describe the
modules M(y,d@) and N(g,a) which completely determine the isomorphism classes of the
pointed torsion free modules for non-twisted affine Lie algebras. We begin by making a
few general remarks.

0 0
Let V be a module for 2. It is easy to check that the tensor product V=L Q®V as C
vector spaces is a module for li(g) under the action given by

(1"’ Qz+vet+ p'd)(ik Qv)= 1+ o (zv) + p' (e + k)ik Qu

where g € C 1s some fixed complex number. There are a number of properties that V

0
inherits from V.
0
PROPOSITION 2.1. Let V be the module constructed from V as above.
0 0
(1) If V is H-diagonalizable, then V is H-diagonalizable.
0
(2) IfV is simple, (nontrivial but not necessarily H-diagonalizable) then V is simple.

o o
(3) IfV is H-diagonalizable with all it weight spaces 1-dimensional then all the weight
spaces of V are 1-dimensional.

PROOF: Items (1) and (3) are easily obtained consequences of the construction and al-

0
though (2) 15 not much more we give a brief argument for it. Assume that V' is nontrivial.
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0 "
LetvE€Vand0#u=31_ "Quv; €V. Let U(L(og)) be the universal enveloping algebra
of i(g) It suffices to prove that t** @ v € U(i(g))u Let w = E;’;l‘lk; v € U(i}(g))
where kj # ki for § # ¢ with m being minimal. We claim that m must be 1 because
dw = E;’;l(kg + y)ikz" ® v} is nonzero if m # 1 and then (k} + p)w — dw is an element

in U(i(g))u involving a shorter summmation contrary to the minimality of m. This means
0 o. . . 0
that w = 1P @ v’ for some integer p and some v’ € V. Since V is simple there is some z € g

such that zv' = v. Now, (1"”’ ®.'1:)w =1t Ru. |
0 0
This tensor product construction can be applied to M(d) and N{d@). This amounts to

extending the map ¢ : C,, — W, to 13(3) so that ¢(c) = 0, ¢(d) = 158? and ¢(1* @ z) =
t*4(z) for all z € C,, and taking M(y,d) and N{u,a) to be given by

M(p,8) = {1**Ezh ...zl | k)b —a; € Z for all 4 and Z(bi —a;) €27}

=1

N(p,&) = {##* 2 .-zl [ k,bi—a; € Z for all i and ) (bi —ai) = 0}
=1
where £ € C and @ = (ay,...,a,) 1s fixed element of C™ with each a; ¢ Z.
The extended map ¢ seems fairly natural except perhaps for ¢(c) = 0 which seems more
restrictive than required. The next lemma justifies this definition.

LEMMA 2.2. Let V be a pointed torsion free module for 1';(3) Then the central element c
annihilates V.

PROOF: Let A; is a fixed subalgebra of 3 with basis {z,y, A} having the same multiplicative
structure as in Example 1.11 and fix the non-degenerated symmetric bilinear form (.|.) so
that (h|k) = 2. Then L(A;) is a subalgebra of E(S) and [t ® h, 17 ® k] = 2Lc. Assume

that ¢V # 0. Since c is in the center of E(S) we know that ¢ acts as scalar multiplication
by K # 0. Let vy be an arbitrary weight vector of Vand let a = (172 @A) (? @ h)({ Q@ k)
and b = ("' @ B)(1 ® h). Since avy and bug have the same weight as vy and weight spaces
of V are 1-dimensional, we have

0 = [a,blvg = 2cavy = 2Kavy

However, vy 1s an arbitrary weight vector and so this tells us that ¢}V = 0.It now follows
that

{0} ="' ®@h),a]V = -2 ®A)(2 ®A)cV = —2K(1"> @ R)(I* ® h)V
and hence we have that (173 @ h)(12 ® h)V = {0}. Using this we have that
{0} =[(t"2®A),I @RI QA)V = —4(1"> @ h)cV = —4K{I > @A)V
and hence (173 ®@ k)Y = {0}. Finally, we have
{0} =[(** @ Ah),("® ®K)] = ~6cV = —6KV.
This contradiction establishes that ¢ must act trivially on V. i
We now state our main result.



MAIN THEOREM. The only non-twisted affine algebras i(g) having pointed torsion

free modules are those for which 3 is either Cp, or A,,_,. Moreover, the only such modules
are M(p,d) and N(p,@) for L(C,) and L(A,-1), respectively.

The first statement is an immediate consequence of the analogous result from finite di-
mensional theory. The remainder of this paper is devoted to proving the second statement.

3 Proof of Main Theorem - the C, case. In this Section, we show that the fL(C’,,)

modules M(g,@) constructed in Section 2 exhaust all pointed torsion free f..(Cn) modules
up to equivalence.

Let Vbe a pointed torsion free f,(C,,) module and let A be a weight of V. If {a, 1,...,n}
denotes the simple roots of L(C,,) then V admits a weight space decomposition

(3'1) v = E vA+koaa+"'+knan
kicZ

where each weight space is 1-dimensional. Setting p = A(d) and a; = A(hq, +-- '+ha,,)—'%
for+ =1,...,n then the element {#27* - - - z%" is in the A weight space of the f;(Cn) module
M(p,d). Our goal is to establish that M(g,ad) is equivalent to V as fL(Cn) modules.

We first observe that 1 ® C, is a subalgebra of L(C,) isomorphic to C,. For any fixed
integer k the space

Vi = Z Vatkao+ksas++knan
Ky yoeorkn €2

is a pointed torsion free C,-module. Also,

M(p, @)k =lin. span{t# kg th . gantln | 4 € 7 and Zl.’ €272}

=1

15 a pointed torsion free C, with the same weight lattice as Vi and hence by Corollary
1.12 they are equivalent. We may therefore select a basis of vectors v(k,ky,...,k,) €
vA+kao+k,a,+---+k,,a,, such that the map

Y M(p,d) — Vi

given by ty(1#tkgor coex@ntin) = y(k,ky,. .. k) where k; = 2k + 4y + -+ 4+ £; for s =
1,2,...,n—1and k, = 1(2k+£;+---+4,) is a C,, module isomorphism. Clearly, the basis
vectors u(k,ky,...,ky,) are only determined up to a global constant - i.e. replacing each
v(k,k1,...,kn) by Pryu(k,ki,..., kn) for some fixed nonzero complex number Py depending
on k would also yield an isomorphism.

Let § = 2a; + -+ + 2an-1 + @, denote the highest root of the finite root system
{o1,...,an}. Then, following the construction of fL(C’,,), we have that 171 ® x4 and
1 ®x_g belong to the —ap and oy root spaces of I:(C,,), respectively. It follows then that
(17! ® z6)u(,0,...,0) € VA4(k-1)ae- By adusting the global constants Px, if need be,
we may assume that (17! ® zg)v(k,0,...,0) = v(k — 1,0,...,0). With this assumption
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we have completely determined a basis of V up to an imitial choice of a nonzero vector
v(0,...,0) € V5. We claim that the linear map

¢ M(p,d) —V

extending each ¢ 1s an I‘J(Cn) module isomorphism.
Since L(C,) is generated by the elements of

{(1Qzsq, |t =1,...,8}U{{71 ®zp,1Rz_p} U {d},

it suffices to show that the operators corresponding to these elements commute with .
Since ¢ 15 an extension of each y; we know that (1 ® z14,) 0¢ = ¢ 0(1 ® 214,). Also,
since ¢ preserves weight spaces we have do¢y = ¢ od. It remains to be shown that

(1_1 ®.’L‘9) oy = v 0(‘1_1 ®.’B9) and (‘l ®a:_9) oY = ¢O(i ®.’1:_9).
0 R
Let C denote the subalgebra of L(C}) generated by

(1@x1q, |t=1,...,n ~1JU{{"' Q24,1 ®@z_4}.

0
The algebra (C + Cc)/Cc 1s 1somorphic to C;. Since the central element ¢ acts trivially
on any pointed torsion free L(C,) module, the subspace

kn _
Vin = Z vA+koao+k1 ay+thkpan
ko )"'ykn—] EZ

can be considered to be a pointed torsion free C,, module. Similarly, the subspace

M(p,@)*" =lin. span{t#thoghth .. gonth |4 € 7,
D4 €2Z and 2o + 4y + -+ Lo = 2k,)
i=1
is a pointed torsion free C,, module having the weight A 4 k,a,, in common with V*» and
hence they are equivalent as C,, modules.

LEMMA 3.2. Ifu(k,ki,... ko) = $p(1et5aD T8 .. gantln) then

(1_ ' ®.’L‘a)v(k, kl: s :kn) = ¢((1_1 & $0)(1"+ka:‘1"+[‘ e xan-f-l’n))

n

for all k if and only if

(1@ z_g)u(k,ky,... k) =(( ®$_9)(1"+kx‘1"+£‘ .- -x“"‘”"))

n

for all k.

PrOOF: By assumption v(k,k;,...,k,) belongs to the A+ kag + - - - + knay, weight space
of V¥~ and i"+kx‘l" tho. - gintln belongs to the A + kag + -+ - + kpap, weight space of
M(p,(i)k" where k; =2k + 41+ +Lifor1=1,2,...,n—1and kn = J(2k+ 41+ - +4,).
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Since VF» and M(p,d)%" are equivalent and v(k,ki,...,k,) and putkgtith o gantls
are in corresponding 1-dimensional weight spaces, we know

(i'l R zp)(1 @ z_g)u(k,ky,.. k) = ¢((i'1 R ze)(1 ®x_g)(‘l"+kx';’+[’ ---x',’,"“"))

for all k. Since 1! @ x4 belongs to the —ayq oot space of ﬁ(Cn), we have
(17! @ zg)v(k,k1,...,ky,) is a complex multiple of v(k —1,ky,...,k,) and hence if
(1 @ zp)u(k,ka, ... ko) =(171 @ zg)gp((1FTEz i T . p2nHiny)
U1 @)t HH T age )

n

then

(& z_g)u(k — 1L, k1,. .. kn) = (1 @ z_p)p((1FTF 1a0 0 ... gontiny)

= (1 @3- p)({FTE 1B L ganta)y

By interchanging the roles of 1! ® 2y and { ® z_4 as well as v(k,ky,...,k,) and
v(k — 1,ky,...,ky), one obtains the converse. J

THEOREM 3.3. The linear map
V:M(p,d) —V

extending each v is an f,(Cn) module isomorphism.

PROOF: All that remains to be shown is that for each n-tuple (k1,...,ks) € Z" one of the
two equalities of Lemma 3.2 hold for all k. By our choice of the basis of V | we have that

(1! ® z)v(k,0,...,0) = v(k —1,0,...,0)
for all k € Z. Also, since # = 2¢; and by (1.4) §(z2¢,) = 22 we have

_ - - -2(k-1
(17! @ zg)th T E 2".1:;’ coegln = qptks1gh ¢ )xg’ RY M

for all k € Z. Using the definition of the map ¢,we can conclude that for all k € Z
(! ® z9)v(%,0,...,0) = (1_1 ®xg)v,b(i“+kx';"2kx;“ ezt
— l,b((‘l—l ®$9)1p+k$1111—2k$;1 . .man).

By Lemma 3.2, this implies that for all k € Z

(1 @z-g)u(k,0,...,0) = (1 @z_g)gp(1# Fz2 "2k zl1 ... 20n)

n

=¢((I® - 0)1,;+k$¢111—2k$¢211 szl

n

We now use an inductive argument to prove the result for the weight A + kg + k1o +
<o+ kpay, when E?:] |ki| > 0. Consider first the case of E:;l |ki| > 0 where k; > 0 for
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some s = 1,...,n. Then since Vi is equivalent to M(g,d)x we have from v(k,ky,... ko) =
Yr(irtheth . gantln) that

1Qzq,;

Ki

v(k,kl,...,kn) = U(k,kl,...,k,'_l,k,' —l,k,'+1,...,kn)

where

1 fors = n.

N-—{ai+1+li+l fori:l,...,n—-l
i =

Using the inductive hypothesis and the fact that z,, commutes with z4, we have

(i—l Qzg)v(k,k1,... kn)

- 1Q®zx,,
:('t l@.‘rg) oy il (k kl) k,‘-],k,‘—'l,k,‘_*_l,...,kn)
i

1®$ ¢ - T ll -1

— - ai (.‘ ®$0)‘/)k(.lﬂ+k ay+4 e :1+[l+l :1++11+ +1 _,,x;lln'*'ln)
i

1®@z

_ ® a.‘/) ((i— ®$e)tp+k ay;+4; .1::1 iHEi+1 :1_;:}11+l'.+1 _szn+l’"

1@ x4, -
. ify- +k a +¢ a;+e+1 aip1+bip1-1 an+el,
—"¢L(__—'(1 ®39)1# T Ty Tit1 B )
i
_ _‘—l 1 ®$0-’_‘u+k a3+ a;+€;+1 0-.+1+f:+1 -1 a,+0,
= ¢x(( ® 4) . z I Tit1 Ty )
i

= Yr((17] @ zp )Rl th . ganthn),

n

Therefore, by Lemma 3.2, we conclude that for all k € Z.

(i Qz_ e)u(k,k1,. . ) (1 Q. 0) (1;t+k$¢lz1+t, . 'xzn_*_[")
V({1 ®$_g)i“+kx‘l‘l+‘1 . .$‘:ln+ln).

The argument in the case of k; < 0 to establish

(1@ =z-o)u(k, k... k) = (1 ® z_ oW (1HHFzlHh L gantiny
— ‘/’((1 ® .‘B_e)-l#'*'kx;l]'f'l] . _xi,,—}-l,,)'

1s analogus. Once we have this Lemma 3.2 gives us

(i—l ®$9)U(k,k1,' . )kn) = (‘t—l ®xa)¢(1#+k$‘l"1 +4£ .. _x;lln'*'tn)
= (17 @zg)trthztith . pantiny,

Thus both 17! ® 25 and 1 @ z_p commute with . Therefore, V is equivalent to M(y,@)
as claimed. §
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4 Identities. Our aim in this section is to produce a set of identities which must hold in
pointed torsion free Agl) modules V. These identities will be used in Section 5 to prove the

Main Theorem for the algebra Agl). We fix a basis for an underlying finite dimensional
simple algebra A; as {z,y,h} with multiplicative structure as in Example 1.11 and let

{ag,;} denote the simple roots of Agl) = f,(Al). We assume that V is a pointed torsion
free A(ll) module. This tells us that V has a weight space decomposition given by

V= Z vA+ko ag+kia;g -
kﬂ 7k1€z

Let § = g + a1, A(d) = p where dis as in (1.1) and let A(hq,) = A. Set k = ko and
l = kl ——ko SO that (A+k06+(k1 —ko)al)(d) = }1+k and (A+k08+(k1 ——ko)al)(ha,) = A—*—Ql
This allows us to denote A+ koa+kya; by (g, A) +(k,24). Each weight space V(,, x)4(x 2¢)
is 1-dimensional and

{u(k,£) | 0 # u(k,4) € V(, n)+(k20) and k, L € Z}
is a basis of V and hence we can write
V=) Ve = ) Culk,)
kL€Z kLCZ
We can express V as a direct sum of pointed torsion free 1 ® A; modules
Ve =Y Culk,1).
(¥

According to the remarks made in Example 1.11, we may assume that the basis vectors
u(k,{) have been selected so that for some s € C we have

(4.1) (1 ® z)u(k,t) = (sk — Du(k,L+ 1),

(4.2) (1@ y)u(k, ) = (sk + X + Hu(k,L - 1),

(4.3) (1@ A)u(k,£) = (A + 2D)u(k, ).

Also by making use of a single normalizing factor for each Vi, we can assume further that
(4.4) (' @z)u(—L4,4) = (s_¢ — u(—L —1,L+1).

Moreover, we know there exist complex numbers A(%,£), B(k,{),C(k,4) and D(k,{) such
that

(4.5) (7' @ 2)u(k,4) = A(k,u(k — 1,4+ 1),
(4.6) (1 ®@y)u(k, ) = B(k,u(k + 1,4 — 1),
(4.7) (@ ® h)u(k, ) = C(k, Hu(k + 1,1),
(4.8) (17! ® h)u(k,t) = D(k,L)u(k — 1,4).
Note according to (4.4) and (4.5)

(4.9) A=) =s_,—1

for all I. We can obtain further relationships among these coefficients by making use of
commutator products.
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LEMMA 4.10. Let A(k,!),B(k,!),C(k,t) and D(k,!) be defined by (4.5)-(4.8). Then

(4.11) Alk, ) (sk-1 — L —1) = (sx — L) A(k,L + 1),
(4.12) B(k,O)(sk+1 + XA +L—=1) = (s + A+ ) B(k,L - 1),
(4.13) C(k,)D(k + 1,4) = D(k,{)C(k — 1,0),
(4.14) 2sk —4) = A(K,)C(k - 1,4+ 1) - C(k,H)A(k + 1,1),
(4.15) C(k,4) = B(k,£)(sg+1 —L+1) — (s —4)B(k,L + 1), and
(4.18) D(k, ) = (sk + A+ £)A(k, 4 — 1) — Ak, &) (skc1 + A+ L+ 1).
ProoF: The equations (4.11) through (4.16) follow, respectively, from the action of the
commutators [1 ® 2,771 @z, [1®y,1®y], [ @k 10k, [1Qh1'Qz],[1®z,10y],
and [i'l ®z,1 ®y] on the weight vector u(k,l) as shown in the two cases
0=[""'®h,1®ku(k,t) = (C(k,)D(k +1,£) — D(k,0)C(k — 1,£))u(k,£)
and
D(k,)u(k —1,1) = (1—1 ® h)u(k, 1) = (! ®sz,1 Q yJu(k, )
=((sk + A+ LAk L —1) — Ak, O)(sk-1+ A+ L+ 1))u(k - 1,2).
The other cases are similar. |

We find 1t convenient to introduce the notation
(4.17) Sk:sk(sk-{—,\—{-l) and
(4.18) d(k,l) =8k —Sk-1+ A+ 2L

One should note that the torsion free assumption on V implies that for all £ € Z we have
sk+A+L{#0and sy —L #0.

LEMMA 4.19. Using the notation of (4.17) and (4.18) we have

_ B(k,!)
1
(4.21) D(k+1,z):o(k+1,z)f(kLl’Q.
Sk —

PrOOF: From (4.12), it follows that B(k,f + D(sk+1 + A+ =Bk, O(se + A+ L+ 1).
Using this with (4.15) gives

(sk+1+A+4) ( Bk, O)(sk+A+1+1)
(sk+1+A+9) (sk41 +A+1)

from which (4.20) easily follows. Similarly from (4.11), it follows that A(k+1,4—1)(sx—1) =

(sk+1 —4+1)A(k+1,¢) and using this in the expression for D(k +1) obtained from (4.16)
we find

C(k, &) = Bk, )(sk1 — L+ 1) sk —1)

Ak +1,0)(sk41 — L+ 1)
(sk—1)
and combining terms (4.21) follows. [

(sx = 1)

D(k+1,4) = (sge1+ A +4) (sk —1)

—Alk+1,0)(sk+A+2+1)

12



LEMMA 4.22.

¢ k+¢£

sp;-1+Hk—3
i —_— fork+4>0
(s )JI=II sk+k— >

A(k,l)::{ (sk—l) fork+14=0

~k-£€-1 .

sk +k+y
4 —_— - fork+41<0.

L(sk ) JI=IO sk-l+k+J

PRrROOF: By choice of basis A(—{,£) = s_; — £ and hence the result is true for k + £ =0.

Assume first that £ +£ > 0. From (4.11) we know A(k,—k)(sxk-1+k —1) = (sx +
kYA(k,—k + 1) which simplifies to (sx_; + k — 1) = A(k,—k + 1) so that beginning our
inductive argument with k +£ =1 we have

k+¢
Ak, ~k+1)=sxo1+k—1= (s =) ]

i=1

sk-1+k—3
sk+k—3

sk-1+k—3

Assume inductively that for ¢ > 0 we have A(k,~k+¢) = (sk +*k —¢) [ [, TEo
Sk —~3

Then setting £ = —k + ¢ in (4.11), we get

A(k,—k sk 1+ k—7
A(k,—k+q+1):(3k-1+k~q~l)ﬁq—q—):(Sk-l—i-k—q—l)H:kl_*‘*k_Jj
j=1

q+1

sk-1+k—7

The k 44 > 0 case now follows.
The case of k + £ < 0 is proven in a similar manner. |

LEMMA 4.23.
¢ k+¢ .
sk+k+1—7
k+1,4 - fork+14>0
otk + ’)J.I=119k+1+k+1—.7 >
Dk +1,0)={ a(k+1,0) fork+4=0
—k-t-1 )
skr1+Hk+1—3
olk+1,4 =~ fork+14<0.

PRrROOF: This follows immediately from equation (4.21) and Lemma 4.22. |
LemMMA 4.24. C(k,0)D(k+ 1,4) = C(~L,4)D(—L + 1,{) for all k and {.

PRrOOF: This is an immediate consequence of (4.13). i
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LEMMA 4.25. IfC = C(0,0) and either k +14 =0 or o(k +1,£) # 0, then

o(— l-{-ll) sk+1+k+1—J

fork+4>0
(c+21) (o "),I:I, Py ork+4 >
C(k,l):{ (C +24) fork+4=0

-k-£-1 .

£+1£) sk+k+14
- fork+ 14 <O.
(C+21) (k-{-ll) H PP ork+4 <

Y

PROOF: We prove this first when k = —{. In this case (4.11) gives A(—{+1,{—1)(s_,—£) =
(s—e41 -4+ A(—L+ 1,4) which according to (4.9) implies A(—-l—}—l,l) = (s-¢—4{). Using
this and (4.9) in (4.14) gives 2 = C(—{ — 1,£ + 1) — C(~4,4) and hence C(—{,{) =
C(0,0) + 24.

We now assume that o(k+1,£) # 0 and hence from (4.21) D(k+1,£) # 0. From Lemma
4.24, we have that

C(-4,0)D(—{+1,8) (CH+2uU)D(—-L+ 1,1).

k) = D(k+1,0)  D(k+1,0)

The result now follows from Lemma 4.23. |
LEMMA 4.26. If C = C(0,0) and o(k +1,{) # 0, then

( (C +28)a( 1+11) Cskpitk+1—
A+4 fork+1
(ske1+A+2) ok 1,0 H-"'k‘*‘k—*‘l“j ork+4>0
C+ 2
B(k,t) =« (sk+1+/\+l);((l:::l—3) fork+{=0
(C+20)o(~L+1,8) 5! sptk+1+j
A+ 4 £ <o0.
| Grn + A ) [=[O i TEriag frkHi<o
ProoF: This follows immediately from (4.20) and Lemma 4.25. I
LEMMA 4.27. If C = C(0,0) and o(k + 1,£) # 0, then
o(—4,4+1) o(—1+1,1)
4.28 C+2L+1)———=
(4.29) - (e ra B - o ap Tt LS
and if in addition a(k + 1,4+ 1) # 0 then
L+ 1,0) 0'( —{+1,1)
4.29) (C+2 (—— A+d - —————
a(—l,l+1)

~ (s + A+ L4 1) (sp41 = £)(C +2(£ + 1))

o(k+1,L+1)%
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PROOF: Equation (4.28) is proven by substituting the values of Lemma 4.22 and Lemma
4.25 into (4.14) under the various conditions k+£ > 0,k+£{ =0,k+{ = —-land k4L < -1.
In the case of k 4+ £ > 0, we have

k+¢ k+¢

B sk-1+ k-3 o-(-—l,l—{—l) skt+k—3
?(Sk—l)—(Sk")Izll_‘“—sk+k_J‘ (@ +2+ D)) J.I:I_lsk-1+k—j
B k1 k+e

0'(-—1—{—1,1) $k+1+k+1—j
— ~1 -(C+ 24 —.

j=1

and the result follows after simplification. Equation (4.29) is proved in a similar manner
by substituting the values of Lernma 4.25 and Lemma 4.26 into (4.15) and simplifying. We
omit the display of further detail. |

5 Proof of Main Theorem for Agl). In this Section, we continue our study of the
module
V=3 Viun+kzo =0 Vi
kLEZ keZ

as described in Section 4. Our first aim is to show that the A; module V is equivalent to
Vo for all k. This requires showing that

(5.1) Sy =Sy for all k.

As a step toward this end we show that Sk — Sx-1 = §1 — Sp for all k. There is one case
in which this is relatively easy to obtain.

LEMMA 5.2. If C(ko,4o) = O for some ko and £y then S — S-1 = &1 — S for all k.

PRrOOF: Recall that our torsion free assumption implies that sy —£,sx + A+ £, A(k,£) and
B(k, 1) are all nonzero for all k and £. It follows from (4.20) and (4.21) that

(5.3) C(ko,lo):ﬂ<:>0(k0+1,lo)20<::>D(k0+1,lo):0.
From this and (4.13), we can conclude that
(5.4) C(k,4o0) = o(k,4o) = D(k,£y) =0

for all k¥ and hence S — Sk =81 — So- 1

Now we assume that C'(k,{) is never zero and use equation (4.28) to produce six equa-
tions which we solve to obtain Siy; — Sp = &) — S for all k. We then use equation (4.29)
to get

Sk+1 = Sk

for all k. By Lemma 4.25, our assumption that C(k,{) is never zero implies that C is not
an even integer.
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LEMMA 5.5. Let

X =8 -5 +A4,

T =38, -8 + A,
U=8,—-8-1+2, and

V=8.1-82+2A

Then

(5.6) 2=(C+ )%—O—g,
(5.7) 2_(o+2)Xi§ 3T(-
(5.8) 2= (C+ )y~ (C+ D,
(5.9) 2=(c+4);ii c+2)g—i-§,
(5.10) 2_05—(0_2)77 —, and
(5.11) 2=C3 —(C- 2)3—3

PROOF: These equations follow immediately from (4.28) by making the substitutions

(k)l) = (_110)1(1:0):(0) 1):(1) 1):("‘11*1):(0: _1)
and then using the definitions of X,T,U V. }

THEOREM 5.12. If C,X,T,U, and V form a solution to the system (5.6)-(5.11) and none
of these are even integers, then X =T =U =V.

PROOF: First we notice that if U = V then (5.6) and (5.7) imply that X =T =U = V.
The remainder of the proof consists of showing that equations (5.5)-(5.11) together with
the assumption U # V leads to a contradiction and hence the only consistent solution to
this system of equations 1s X =T =U = V.

Equation (5.6) 1s equivalent to

(5.13.) W(V —U)=CUU +2) - X(V +2)]

¥ UWU +2)— X(V +2) = 0 then (5.13) implies that U = 0 or U = V contrary to
assumption. Therefore, C is given by

2W(V - U)
[U(U +2) - X(V +2)]

(5.14) C=
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We substitute this value for C into (5.7) to obtain

[ v + AU +2) WU -V)
X +2 UU+2)—-X(V+2)
_T(U +2)[-2UU - V) +2U(U +2) - 2X(V +2)]
B T(X +2)[UU +2)— X(V +2)]
WU —V)X(X +2)
T(X +2)(U{U +2)— X(V +2))

from which it follows that

2 =

X
T

T(X +2)UU +2) - X(V+2)+U+2)UU -V)=UU +2)+ X(V +2))]
—UU - V)X(X +2)

and since the right hand side of this equation is nonzero, the coefficient of T' is also nonzero.
Therefore, T' is given by

(5.15)
- U(U -V)X(X +2)
T (X+D)UU+2)-X(V+2))+ U +)UU-V)-UU +2)+ X(V +2))
N —(-X2W2+UVX?-2UX +2UV X)
CUX 4+4UX -VX?2—-2X2-U?W -2UV+UVX
N XY U?-UV)+ X(2U? -20V)
XY=V ~2)+ X(U2+4U 4+ UV) +(-U2V - 2UV)

If we multiply equation (5.8) by (U + 4)(X + 2) and rearrange terms we get

2AX +2)(U - V)
(V+4)(X +2)— (U +2)(U +4)

If we substitute the value for C given by (5.14) into (5.16) and simplify we get

—2U(U - V) . 2AX +2)(U - V)
UT 420 VX —2X °° (V+)(X +2)— (U +2)(U+4)

From this we can obtain a polynomial which is quadratic in X and is equal to 0 written
as follows

(5.16) C+2=

X2(2UV +4U —4V? ~16V —16) 4+ X (—16V +4UV +2UV2 4 32UV +48U ~2U° —8V'?)
+ (16UV — 3207 - 8U° — UV +4UV? —2U%V) = 0.

The roots of this polynomial are

U? 44U -2V
5.17 2 =

UV +4)
5.18 X3=m ———~ |
( ) 2V+4-U

17



In order for these Toots to exist we must have (2V 4+ 4 — U) # 0. This presents us with
three cases

(Case I) U =2V +2),
(Case II) X = X2, and
(Case III) X =X3.

We continue to solve the system (5.6)-(5.11) one case at a time. In each case, we find
ourselves factoring polynomials in several variables. Naturally, to see that our calculations
are correct, one should take the product of the factors presented.

CASE I In this case, U = Ul = 2(V + 2). Substituting this value of U into (5.8) yields

- (C+4)(V+4) C+2)(2V+6) CX-10C+4X —16—-4VC —8V
- 2V +8 X+2 - 2(X +2) ’

which gives us an expression for X as

24 +10C +4VC 4+ 8V
X1= C .

If we substitute X = X1 and U = U1 into (5.6) we find

_(C+2)(2V +6) 24+10C+4VC +8V
- V+2 2V + 4

2

which produces the expression for C given by

Cl1=2(V+2)
and so C = U. Now, if we substitute C' = U into (5.6) we get that X = X2 and hence we
are reduced to Case II.

CASE IL In this case,we use the value X = X2 as given by (5.17). Substitute this value
into C' as given by (5.14) to get

—2U(U - V) _ —U(U-V)

C2 = =
U242U -U2-4U+2V  2(-U+V)

=U

Using C = U and equation (5.10), we quickly find an expression for T as

79— VX _ U(U? +4U —2V)
SV V(V+2)
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We now substitute C = C2, T = T2 and X = X2 into (5.11) and expand to get

-2
2:03(-—(0—2)1—

_ -2(8V48UV-8U*- 1202 V4 U*+2U° -2V +4V? -3U° V42U VP + 10U V? - Uv’)
- UTVI+2UTVH4UVI48UV -4V3 - 12Vi-8V

which simplifies to give us

0=3U%V? _10U%V 414UV 116UV —6V® —8V? —8U? + U* +2U3 —3U%V —UV3
= (U - V)}((U +6)V — (U* 4+ 2U - 8)).

Since U # V, —6 by assumption,we have an expression for V given by

U?+2U — 8

V2 =
U+6

We substitute V = V2 into the values X2 and T2 to find X =U +4and T = %. To

conclude this case, we substitute C =U,X =U +4, T = %l, and V = U—Q“l—}i—%—s mto
(5.9) and expand to find

V +4 U+2

U* + 2203 + 156U2 + 328U + 64
Ut + 2203 + 156U2 + 328U — 192

Therefore, Case II leads to the contradiction 64 = —192.

CASE III. For this case, we use the value of X = X3 as given by (5.18).Substituting
X = X3 into C as given by (5.14) we get an expression for C given by

WV ~U)2V +4-U) U -2V —4)

O T TV F1-U) -0tV 12 U-V =2

Similarly, substituting X = X3 into T' as given by (5.15) and multiplying the numerator
and denominator of this expression by (2V +4 — U)? we get an expression for T' given by

T3 =
(U2 -UVYU(V +4))2 + (2U2 - 2UV)U(V + 4)(2V + 4 — U)
(=V-2)UV+4))2+(U+4+ VUV +4)(2V +4-U)+(-U-2)UV(2V +4-U)?
~U(V +4)(U + 4)(V +2)(V - U)
T UV <U)V +2)(2U% — 30UV — 8V — 16)
_ UV +4)U+9)
2U% ~3UV -8V ~ 16
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Our next step is to substitute the values X = X3,C = C3,T = T3 into equation (5.10)
and simplify to obtain a value of V in terms of U. We begin as follows

1 —2(U -2V —4) U(V +4)
V U-V-2 2V44-U
1 [—-2(U—2V—4)_2][ —U(V +4)(U +4) _2]
U-2 U-V -2 U2 —3UV — 8V — 16
1 2U(V +4)
TVU-V_2
6V 412 —4U —U2V+2UV—8U2—16U+16V+32]
—[(U—Q)(U~V—2)][ 2U2 —3UV — 8V — 16
(U -V - 2)(4U3(V +4) - U2(40V — 6V2) — U(96V — 128 + 12V?) 4 96V? 4 192V)
V(U -2)(U -V —2)(2U% - 3UV — 8V — 16) ’

2=

Therefore,

o (4U3V +18U° — 40U2V +6U2V2 — 96UV + 128U — 12UV? 4 96V 2 4 192V)
- V(U —2)(2U? - 3UV — 8V —16)

which simplifies to

0 =16U% —32U%V — 64UV — 128U + 18UV? 4+ 64V2 4 128V
=(U ~V)(16U* — 16UV — 128 — 64V)

Since U # V ,we have
16U2 — 16UV — 128 — 64V =0

or in other words we have the value of V given by

U2 -8
V3= .
U4 4

Now we substitute V = V3 into C3 to ind C = U. Asin Case I, C = U can be substituted
into (5.6) to get X = X2 and hence Case III also reduces to Case IT. |

LEMMA 5.19. S — Sx-1 =81 — S for all k and hence o(k,!) = 6(0,£) for all k and .

PrRoOOF: By Lemma 5.2, we may assume C(k,{) # 0 for all k and £, and hence by (4.20)
o(k,2) # 0 for all k and £. This allows us to use Lemma 4.27 and in particular (4.28). By
Theorem 5.12, Sy — S—1 = S1 — Sp for k = —1,0,1,2. The result now follows easily from
(4.28) by induction. §

LEMMA 5.20. The A, representations Vi are equivalent for all k.

ProoF: By the remarks in Example 1.11, it 1s sufficient to prove Sy = Sy for all k. By
Lemma 4.25 there is at most one £, for which C(—£y,4,) = 0. Using (4.13),(4.20), and
(4.21) one can conclude (see the proof of Lemma 5.2) that there is at most one £y for
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which o(k,£o) = 0 for some k. Hence, (4.29) holds for all choices of £ except perhaps for
L =1o,Ly — 1 where o(k,£p) = 0. By Lemma 5.19, (4.29) simplfies to

(5.21)

C+2
(C’+2!):(sk+1+/\+l)(sk+1—l+1)X+2!
C+2(L+1)
_(sk+1+/\+l+l)($k+1—I)X+2(l+])
_ C+2u C+2(L+1)
—(5k+1+('\+l)(—l+1))x+21—(5k+1“l(k+1+1)x+2(l+1)

where X = 8§ — Sp+ A. If X = C then this simplifies to give C = X and so X = X or
equivalently S; — Sy = 0 and the proof is completed by Lemma 5.19. f X # C then (5.21)
can be used to solve for Si4+;. This gives Sk4;1 as an expression not involving k and hence
the Si+1’s are all equal. |

THEOREM 5.22. Let A be a weight of a pointed torsion free Agl) module

V= E : vA+koOto+k1011‘
ko k1 €Z

If A(d) = p then V is equivalent to N(u,d) for some @ = (a1, a,).

PROOF: Using the notation set down at the beginning of the Section, we write V =
Y. kez Vk- By Lemma 5.20 and Theorem 1.10 there exist complex numbers a; and ay
such that for each k£ we can select a basis {u(k,£) | £ € Z} of Vi such that

(1@ z)u(k,t) = (s — Hu(k, L+ 1),
(1@ y)u(k,t) =(s+ A+ Hu(k,L—-1), and

(1© BYu(k, 2) = (A +2D)u(k, £~ 1),
where s = a3 and A(hy,) = X = a; —a;. This means that the si’s of equations (4.1),(4,2),
and (4.3) are all equal. By Lemma 4.22, A(k,£) = s — £ for all k and £{. By Lemma 4.23,
D(k,{) = XA+ 2L for all k and £. From this and Lemmas 4.24 and 4.25, C(k,£)(A + 2¢£) =
(C+2£)(A +2£) and so C(k,£) = (C +2L). We now can apply Lemma 4.19 to see that the
value of B(k,£) is not dependent on the value of k. Furthermore,

—2(s + A+ Du(k, L —1) = 21 @ y)u(k,£) = [t ® h,1 ® y]u(k, L)

= (B(k,£)D(k +1,£ — 1) — D(k,{) B(k — 1,£))u(k,L — 1).
Hence, —2(s + A +{) = B(k,£)(D(k + 1,£ — 1) — D(k,{)) = B(k,£)(—2) so that B(k,{) =
s+ A+ 4.

Let N(,@) =ln. span{i#t5e8Hz3:=t | k £ € Z}. It now follows that the map

¢:V — N(p,d)
defined by linearity and u(k,£) s t#thg@Hig-t s ap Agl) module isomorphism since ¢

commutes with the operators in the generating set {1®z,1Qy,1" ' Qxz,1®y,d} of Agl). |
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6 Proof of Main Theorem - the A,_; case. In this Section, we complete the proof of
the Main Theorem. We assume that n > 2 and show that the i}(An_l) modules N(p,a)
constructed in Section 2 include all pointed torsion free i}(An_l) modules up to equivalence.
Our general approach is a variation of that of Section 3 with Lemma 1.13 and Theorem
5.22 playing the role of Corollary 1.12.

We first identify A,-; with 1 ® A, C i(An_l). Let {ag,1,...,@n-1} denote the
simple roots of i(An_l) with {a1,...,an_1} the simple roots of A,_;. For each positive
root a of An_y, let Aj(a) be the A; subalgebra of A,_; generated by z,, z_4, and
ho. Assume the elements z,, z_,, and hy have been normalized so that they have the
same structure constants as the basis z, y and h of Example 1.11. Let i;(Al(a)) be the
corresponding A(ll) subalgebra of Iﬂl(Annl).

Let V be a pointed torsion free f}(An_l) module and let A be a weight of V. Without
loss of generality we may assume A(hy,) # 0. V admits a weight space decompostion

(6-1) V= Z VA+kDaD+“'+kn-lan—1
ki€cZ

where each weight space is 1-dimensional. For any fixed integer k the space

Vi Y Vatkartkiarttknan

ki, kn€Z

is a pointed torsion free A,,_; module.
LEMMA 6.2. Vi and Vy are equivalent A,,_, modules for all k € Z.

PROOF: Let A equal A restricted to 1 ® H the Cartan subalgebra of the A,_; algebra
1® Ap_1. Then X is a weight common to each Vi with A(h,,) # 0. Let vy and uy be
weight vectors of weight A in Vi and Vy, respectively. Let the universal enveloping algebra
of L(Aj(a)) act on vy to generate a pointed torsion free f}(Al(a)) module. The vector uy
is in this module because uy € C((¥ ® hqo)*)vx or uy € C(('® ha)“")v,\ accordingly as
k>0ork <0.Set a=a;, az, and a; + az. According to Theorem 5.22 we have

ZT_ 0, Tay VA = g1VUA, Toa,Ta,a = f1ua == g1 = f1, and
-T—(a]-{—a,)xa.{.agvz\ = 92'-’/\) -T—(a]-{—a,)xa]-{-a,u/\ = f2u/\ -_‘_> 92 = f2'
The result now follows from Lemma 1.13. |

THEOREM 6.3. Let V = Ek.'GZ VAtkiao++kn_san, De a pointed torsion free i(An_l)
0

module. Let N(d) be the pointed torsion free A,_, module given by (1.9) which is equiv-
alent to Vy = Ek,,...,kn_,ezVA+kxa:+-"+kn-1an-: and let p = A(d). Then V is equivalent
to the pointed torsion free i(An_l) module N(u,d).

PROOF: Let @ =ay + -+ ay-1 =€ —€n. Let {w(k,£y,...,4n1) |k, t1,... 4oy € Z}
be a basis of V such that (17! @ z_g)w(—£,4,...,4) = (ap —Dw(~L - 1,4 +1,... L+ 1)
for all £ € Z and such that the linear map ¢ : V — N(g,d) defined by

w(k,ll, L )ln—]) — 1F+k$tlla+&$¢212+l: -4 .xan-1+ln—1—ln-2$an—ln_1

n-1 n
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is an A,_; module isomorphism where the action of A,-; on V is that inherited from
1® A"~ 1. This map exists by Lemma 6.2.

The result follows once we have shown that {® z_g and ™! @ 4 commute with ¢ since
f;(A,,_l) 1s generated by (1 ® A(n —1))U {{ Rz_g,1" 1 @ z4).

Let the universal enveloping algebra of f}(Al(G)) act on w(0,0,4,,...,4,_1) to generate

(6.4) Ve, .. 0., =lin. span{u(k, ) = w(k, L, +1L,... Lo 1+ ) |k, LEL)

a pointed torsion free 4;(#) module.

Let £ = z9, y = z_¢g and b = hg and set A = (A + Loag + -+ + Ln1an-1)(he).
We can now use equations (4.5)-(4.8) to define A(k,{), B({,k), C(k,{), and D(k,?). By
our choice of basis we have that all the sx’s in Lemma 4.10 are equal to the fixed value
s =apn—1{,-;. Showing that {®z_g and 1" @ z9 commute with ¢ is equivalent to showing
that A(k,4) =s —Land B(k,{) =s+A+1.

First we consider the module given by (6.4) when £, = --- = £,_; = 0. In this case
we know that A(—{,{) = s —{ by choice of basis and hence by induction and (4.11)

A(k,) = s—1. The remainder of the argument in this case follows verbatum the argument
of Theorem 5.22. This gives us that

(1 ®z-g)Y(w(k,4,...,0) = (1@ z_g)w(k,4,...,1))
(e Q@ zo)(w(k,t,..., L)) = ¢((7" R zg)w(k,L,... 1))

for all k and {.
Now let £;,...,4,_; be arbitrary and let

Lin =min{ly,... Ln_1} and Lpax = max{{y,...,4,_1}.

0
Since N(&) is isomorphic to El, otnr€Z YAttt tly_yan_, under the map ¢ and z4
commutes with x4, for + = 1,...,n — 1, we know that there is some complex number «
such that

(1Q@20,) =70 (1@ 24, )=t (17 @ zg)p(w(k, L1, 42, . . ., Lno1))
="' ®=ze)(1 ®.’L‘al)l"“‘_ll (1 ®:L‘a"_1)[““*“[""Q,b(w(k,ll, ooy dnc1))
=17 ®2e)Y((1®2a,) =78 - (1@ 2a,_, ) ="t w(k, 4y, ... 40 1))
= (1_1 R zg)Y(rw(k,Lmax, - - - ydmax))

= t,b(('l‘l ®$g)nw(k,lmax, oy dmax))

=9((17' ®2e)(1® 20, )78 - (1@ 2a,_, )= ="t 1w(k, 4y, ..., L0 1))
= P((1®2a,)=="8 - (1@ 24, ) == "1(17 @ zg)w(k, 41, ..., Ln1))
=(1 ®:L‘a,)l"“*-[’ (1 ®$an_1)[““*_l""¢((i'l ® zg)w(k,L1,...,4n 1))

Naturally, the torsion free property allows us to cancel
(1 ®$ai)[mux—el ... (1 ®$a"_1)[mtx‘ln—1
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from the first and last expressions to give us that

(1 @zg)(wk,la,.. ., 4no1)) = (17! @ zo)w(k, Ly, ... Ln1)).

In a similar manner, one can argue that

(1@ o) = (1Q_q,_ )= (1 @z_o)(w(k, L1, L2, ... Ln_1))
=(1@2_0,)0 7 . (1® 20, )" "o g(1 @ z_0)w(k, f1,- - In-1))

and so we get

('l ®.’L‘_9)¢(w(k,ll, cee )ln—l)) = ¢((" ®$_9)W(k,ll, .o ;ln—l))-
This completes the proof. |
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