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Single-stage few-cycle pulse amplification
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Kerr instability can be exploited to amplify visible, near-infrared, and midinfrared ultrashort pulses. We
use the results of Kerr instability amplification theory to inform our simulations amplifying few-cycle pulses.
We show that the amplification angle dependence is simplified to the phase-matching condition of four-wave
mixing when the intense pump is considered. Seeding with few-cycle pulses near the pump leads to broadband
amplification without spatial chirp, while longer pulses undergo compression through amplification. Pumping
in the midinfrared leads to multioctave spanning amplified pulses with single-cycle duration not previously
predicted. We discuss limitations of the amplification process and optimizing pump and seed parameters to
maximize amplification.
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I. INTRODUCTION

Creating intense few-cycle pulses is a complex process but
they are fundamental to attosecond science [1]. Laser ampli-
fiers are constrained to a few tens of femtoseconds (1 fs =
10−15 s) due to gain narrowing [2], which occurs when the
gain medium emission bandwidth narrows the spectrum with
each pass, although techniques for spectral control have been
developed to improve the pulse bandwidth and phase [3,4].
A more versatile and tunable system is the optical parametric
amplifier (OPA), which uses the χ (2) nonlinear susceptibility
and has become the source for next-generation attosecond
experiments [5,6]. These experiments include high harmonic
generation cutoff extension [7], high harmonic generation in
condensed matter [8,9], and ultrafast pump-probe experiments
[10–12]. The nonlinear crystals central to the parametric gain
can limit the amplified bandwidth, but noncollinear phase
matching can reduce this effect. In either the laser or OPA
case, the amplified pulse is focused into a Kerr χ (3) nonlinear
medium to broaden the spectrum followed by pulse compres-
sion to create the few-cycle pulse [13,14].

Despite the versatility of χ (2) OPAs, not every material has
a second-order (SO) response, but all materials exhibit Kerr
nonlinearity. Recently, exploiting this nonlinearity through
Kerr instability amplification (KIA) to directly amplify ul-
trashort pulses in the visible and near infrared (IR) has been
demonstrated [15,16]. While four-wave mixing (FWM) also
uses the Kerr effect and has been used to amplify a ≈75-nm
broad spectrum, this spectral region was far from—with
no substantive gain near—the pump wavelength [17]. Con-
versely, KIA predicts a continuous spectrum of high gain
about the pump wavelength, extending over an octave. The
large gain and broad bandwidth predicted by KIA make it
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a viable candidate as a simplified alternative for single-stage
few-cycle pulse amplification.

In this paper, we explore the possibility of few-cycle pulse
amplification by KIA by comparing its theory to simulations,
the parameters to optimize the amplification, and the limita-
tions of this process.

II. KERR INSTABILITY AMPLIFICATION
AND PULSE PROPAGATION

The theory of KIA has been derived elsewhere [18,19],
with the necessary equations to reproduce the KIA results
presented in Ghosh et al. [20]. Here, extending FWM, we
derive a simplified noncollinear angle criterion for amplifica-
tion and give an expression for a frequency-dependent gain to
reproduce the KIA results.

The conservation of energy in FWM requires that ωp +
ωp = ωs + ωi where ωp,s,i are the pump, signal, and idler
frequencies, respectively [21]. The conservation of mo-
mentum imposes the phase-matching condition kp + kp =
ks + ki where kp,s,i are the pump, signal, and idler wave
vectors, respectively. With the relation k = n(ω)ω/c, the
phase-matching condition of FWM requires that the signal is
noncollinear, which is shown with the magenta dotted curve
in Fig. 1(a) [22,23]. We compare the FWM result with KIA,
where the criterion for maximum KIA gain is shown in the
solid black curve. Although the two curves follow a similar
shape, a significant difference arises near the pump wave-
length [24]. This difference arises from the nonlinear index
of refraction of the material.

We modify the FWM phase-matching condition using the
definition of the pump wave vector given in Nesrallah et al.
[18]:

k2
p = ω2

p

c2

(
n2

p + n2Ip
)
, (1)
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FIG. 1. Simulation of angle and wavelength amplification depen-
dence of KIA in MgO, with pump wavelength at 800 nm and peak
intensity 1.5 × 1013 W/cm2. (a) Gain calculated from KIA theory in
the plane-wave single-frequency regime. The phase-matching condi-
tion of FWM (dotted magenta) disagrees with the optimum external
angle for maximum gain predicted by KIA (solid black curve);
modification to the phase matching accounting for the nonlinear
index leads to good agreement (dashed green). (b) Simulated gain
(see text for details) showing angle and spectral changes caused by
pump pulse propagation; pump pulse duration of 800 fs and waist of
400 µm leads to the saturated shape for small angles near 800 nm.
Crystal thickness is 0.5 mm.

where np = n(ωp) is the index at the pump frequency and n2

is the nonlinear Kerr coefficient of the gain medium, and Ip

is the peak pump intensity. With this modification, the phase-
matching condition leads to an (internal) output angle of the
signal:

cos θs = 4
(
n2

p − n2Ip
)
ω2

p + n2
s ω

2
s − n2

i ω
2
i

4nsωsωp

√
n2

p − n2Ip

, (2)

where ns,i = n(ωs,i ) are the indices of refraction of the signal
and idler, respectively. The vacuum output angle is determined

by Snell’s law, θ f = sin−1(ns sin θs).
We compare the angle dependence of optimum gain from

KIA and FWM in Fig. 1(a). The angle is the relative (vacuum)
angle between the amplified and pump beams in the plane-
wave limit. There are three regions that show distinct angle

dependencies about the pump wavelength, λp = 800 nm: λ ∼
λp/2, λ ∼ λp, and λ > λp. In the first region, the angle that
maximizes the amplification rapidly changes as a function of
wavelength. In the second region, from 500 to 1000 nm, we
see that there is a broad bandwidth region where the angle
dependence is nearly constant. Beyond 1000 nm, the angle of
optimum gain is linearly dependent on wavelength, continuing
for several microns.

The relative pump-seed angle for maximum gain in KIA
(solid black) and Eq. (2) (dashed green) agree, offering a
reinterpretation of the KIA angle dependence. Rather than the
phase matching of KIA being automatically satisfied [18], the
phase-matching condition becomes intensity dependent. The
KIA angle dependence shows that there is a broad region that
can amplify efficiently, with a maximum gain, g ≈ 27 mm−1.
The effect of the pump intensity becomes apparent near the
pump wavelength as the value of n2Ip becomes large. As the
intensity increases, the intensity-dependent phase-matching
angle increases near the pump and creates a region where
a supercontinuum spectrum can be amplified with the same
pump-seed angle. Because this change is pump intensity de-
pendent operating near the damage threshold for MgO, this
effect is not commonly observed in materials with high n2.
Although other materials have higher n2, they damage at this
high pump intensity, and thus would not amplify the super-
continuum. We have found that MgO has one of the highest
damage thresholds, making it useful for KIA and high har-
monic generation from condensed matter [16,25–27]. We note
that without an intensity-dependent index, the FWM phase-
matching condition does not predict any useful amplification
near the pump wavelength [17].

We note that the maximum gain occurs at the pump fre-
quency ωp, and falls off symmetrically in ω. The gain can be
approximated about ωp by

g ≈ ωp

c

n2

np
Ip

[
2 − cosh

(ω − ωp

ωp

)]
. (3)

This gain function agrees with KIA over the region where
phase matching occurs, 0 � ωp � 2ωp, although it slightly
overestimates the gain near these extreme regions. The am-
plification factor is then A = egL, where L is the nonlinear
medium length, assuming that the seed and pump are well
overlapped throughout the medium. We note that np in the
denominator could have important implications when np → 0
such as in epsilon-near-zero materials [28,29].

In the remaining figures, we simulate the amplification of
broadband pulses in MgO in two dimensions. We solve the
scalar equation of the forward Maxwell’s equation (FME)
[30,31], shown to accurately simulate intense single-cycle
pulses with multioctave spanning spectra [32]:

∂

∂z
E (r, ω) = i

c

2n(ω)ω
∇2

⊥E (r, ω) + i
ω

c
[n(ω) − ng]E (r, ω)

+ i
μ0ωc

2n(ω)
PNL(r, ω) (4)

where, for two-dimensional (2D) propagation, ∇2
⊥ = ∂2

∂x2 is the
transverse coordinate. We only account for the instantaneous
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χ (3) nonlinear polarizability, PNL = Dε0χ
(3)|E |2E (x, t ), and

linear polarization; we use the prefactor D = 3/8 [33]. FME
takes into account the frequency dependent index of refrac-
tion, n(ω) [34] (where ng is the group index evaluated at
the seed central wavelength), although we assume a wave-
length (and time) independent nonlinear Kerr coefficient
n2 = 3χ (3)/[4ε0cn2

p] = 4 × 10−16 cm2/W [35].
We note that to obtain agreement with KIA in our simu-

lations, we scale the nonlinear Kerr coefficient by the linear
index. The perturbation wave vector is [18]

kν = ω

c
n(ω)

√
1 + 2

n2Ip

n2(ω)
(5)

≈ ω

c
n(ω) + ω

c

n2Ip

n(ω)
. (6)

Due to this definition, these results predict a gain that is
decreased by a factor of n(ω) compared to other noncollinear
FWM simulations [36]. We do not account for the Raman
response, which contributes to modulation instability [37].
Although we are in a regime for generating high harmonics
[26], we assume that the plasma-induced phase shift remains
small compared to Kerr phase shift [Eq. (1)]. At higher in-
tensities, it may limit the amplification, although optically
induced damage can also occur [38].

We solve Eq. (4) in the spatial-frequency domain, where
the dispersion (the second term on the right-hand side) and the
nonlinearity (the third term) are integrated by a fourth-order
Runge-Kutta (RK4) algorithm. We then Fourier transform
the field to the momentum-frequency domain, making the
approximation that the Fourier transform ∂2

∂x2 in the spatial
domain is k2

x in the momentum domain [33]. Unless otherwise
stated, the nonlinear gain medium is 0.5-mm-thick MgO and
the pump parameters are pulse duration 	t = 800 fs [Gaus-
sian envelope full width at half maximum (FWHM)], peak
intensity Ip = 1.5 × 1013 W/cm2, beam waist wp = 400 µm
(1/e2 value), centered at λp = 800 nm.

In Fig. 1(b), we propagate our pulse to show the similarity
in the gain curve in the KIA solution and our simulation,
where the gain per length is g = ln(S f /Si )/L where Si, f are
the peaks of the initial and final spectra, respectively, and
L is the crystal thickness. To replicate the KIA results, the
seed pulse in positive momentum-frequency space is uniform.
Along the pump propagation axis near zero degrees, there is
a saturation in the spectrum located at the pump wavelength.
This saturation, caused by the pump beam size and bandwidth,
is the main discrepancy observed between the KIA solution
and the simulation. We find that the gain curve matches the
KIA solution well, although we do not observe noticeable
gain near the pump second harmonic, in contrast to a small
amount predicted by KIA. We also note that pulse propagation
slightly modifies the gain curve, where smaller pump wx leads
to increased self-focusing, which in turn increases the angle
of maximum amplification. Larger pump beams with longer
pulse durations and thinner crystals, minimizing the effects
of self-focusing and self-phase modulation, lead to improved
agreement between the monochromatic plane-wave solution
of KIA and the simulations.

KIA
eq. 3
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FIG. 2. (a) Angle dependence of amplification of 100-fs pulses
with a 200-fs pump follows the curve predicted by KIA (solid black).
The relatively short pump spatially chirps the amplified beam in the
IR. (b) The amplified spectra of 600-nm (left), 1000-nm (middle),
and 1400-nm (right) seed (dot-dashed purple). The 50-fs pump (dot-
ted blue) is shorter in duration than the seed and causes significant
spectral broadening and central wavelength shift. For the 200-fs case
(long dashed orange), there is slight spectral broadening, and the
central wavelength shift is more significant in the IR. Long 800-fs
pump (solid yellow) amplification maintains the spectrum and beam
profile for all seed wavelengths. Amplification predicted by KIA
(solid black) compared to Eq. (3) (short dashed green) agrees with
the wavelength dependence.

III. BROADBAND AMPLIFICATION

The results presented in Fig. 1 show that many frequen-
cies can be amplified from a single pump, tuneable by the
pump-seed angle and wavelength dependent. In Fig. 2, we
show the results of simulating the amplification of seed pulses
with a finite pump pulse. In Fig. 2(a), we again overlay the
KIA angle dependence when amplifying 100-fs seed pulses
(ws = 50 µm) with a 200-fs duration pump. For the 600- and
1000-nm seed cases, there is minimal spatial chirp, while
the strong angle dependence at 1400 nm leads to noticeable
spatial chirp. This spatial chirp is pump duration dependent,
where longer pump pulses minimize the spatial chirp.

We show the effect of the pump pulse duration on the am-
plified spectrum in Fig. 2(b). The seed spectrum of transform
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FIG. 3. Amplification of 5-fs pulse centered at 720 nm. (a) Angle
dependence of amplification with seed at 5.4◦ leads to broadband
amplification with negligible spatial chirp over the bandwidth (max-
imum gain from KIA in solid black). (b) Amplified broadband
spectrum (solid yellow) compared to seed (dot-dashed purple) shows
spectral shaping, but maintains the broad bandwidth. (c) GDD of
the amplified pulse (solid blue) is less than the material dispersion
(dashed orange) and is near zero for most of the bandwidth.

limited (TL) 100-fs pulses (dot-dashed purple) significantly
broadens when the pump is shorter than the seed. This broad-
ening can be understood in the time domain because of the
nonlinearity of the parametric amplification process. Because
the amplification depends exponentially on the pump inten-
sity, amplification is most efficient near the peak of the pump
pulse. The result in the frequency domain is a broader pulse
with decreased amplification, such as the 50-fs pump pulse
cases (dotted blue). The amplified pulses are nearly transform
limited, leading to pulse compression. Pump pulses twice the
seed duration (long dashed orange) show significantly more
Gaussian shaped spectra, while 800-fs pump pulses (solid
yellow) minimize any spectral distortion and limit spatial
chirp. The longest pump pulse shows gain closest to the
KIA predicted value (g ≈ 23 mm−1 compared to 26.7 mm−1

at 1000 nm for KIA). Optimizing the gain is discussed below.
Because KIA predicts a near constant gain with little an-

gle dependence about the pump wavelength, we simulate
ultrashort pulse amplification in Fig. 3. The seed pulses are
centered at 720 nm with 5 fs in duration (FWHM). In Fig. 3(a),
because of the near-constant angle dependence about this
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FIG. 4. Amplifying 5-fs pulses with (a) 1064-nm pump (970-nm
seed) and (b) 1600-nm pump (2400-nm seed) (KIA angle depen-
dence in solid black). (c) Because the spectrum is maintained in
amplification, the transform limited (TL, peaks near 0 fs) pulse
durations are comparable to the seed, becoming 4.1 fs for the 800-nm
pump (solid blue), 6.1 fs for the 1064-nm pump (dotted yellow),
and 6.7 fs for the 1600-nm pump (dashed green). Although the
dispersion is less than the material, the residual dispersion [including
phase 
(ω), peaks near 10 fs] increases the pulse duration, becoming
10.1 fs for 800 nm (solid orange), 8.9 fs for 1064 nm (dotted purple),
and 9.3 fs for 1600 nm (dashed blue).

spectral region, the amplified pulse is nearly spatially chirp
free. Again the KIA angle dependence is overlaid (solid
black). In Fig. 3(b), we compare the seed spectrum (dot-
dashed purple) with the amplified spectra (solid yellow); the
y axis is the spectrum relative to the peak of the seed by
taking the spectrum at θ f = 5.4◦. We calculate the resulting
group delay dispersion (GDD) in Fig. 3(c), showing that the
amplified seed accumulates less dispersion (solid blue) than
propagation through the material (dashed orange) over most
of its bandwidth.

We demonstrate that these broadband amplified pulses can
be extended to the midinfrared in Fig. 4. We simulate amplify-
ing 5-fs seed pulses with (a) λp = 1064 nm (seed at 4.3◦) and
(b) λp = 1600 nm pump (seed at 4.5◦); otherwise the pump
parameters are the same as given previously. Both cases also
demonstrate a supercontinuum amplification, although with
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diminished gain as predicted by Eq. (3). Although the angle
dependence for the 1064-nm pump is similar to the 800-nm
pump case, the 1600-nm pump case shows a significantly
different angle dependence. In fact, without taking the pump
intensity into account, FWM does not predict efficient am-
plification in this spectral region. Although the peak gain is
near the pump wavelength, the amplified spectrum extends to
beyond 4000 nm.

We show the resulting amplified pulses in the time do-
main in Fig. 4(c). The TL pulse duration remains nearly
unchanged after amplification, highlighting that gain nar-
rowing is not significant. Because of the beneficial spectral
shaping in the 800-nm pump case, the TL pulse duration
decreases to 4.1 fs; however, the longer pump wavelength
cases increase to 6.1 and 6.7 fs for the 1064- and 1600-
nm pump cases, respectively. Including the phase imparted
by the amplification process, 
(ω), slightly increases the
pulse duration, where the effect is most significant for the
800-nm pump case. Because the amplified pulse accumulates
less GDD than it would by propagating through the material
alone, the pulse duration only approximately doubles. If in-
stead the material itself dominated the dispersion, then the
pulse duration would be greater than 25 fs.

Moving forward, this amplification technique may be
comparable to multipass amplification systems [39,40], with
inherent excellent pulse contrast [5,23,41] and reduced com-
plexity by avoiding active pulse selection for amplification.
Furthermore, a mid-IR supercontinuum generated by ω − 2ω

FWM in air is known to be carrier-envelope stable [42–44],
but it has poor beam quality and is limited in power [45].
Amplifying these mid-IR pulses may be useful as a source
for condensed-matter attosecond experiments [46].

IV. AMPLIFICATION OPTIMIZATION

The gain in the simulations is slightly lower than predicted
by KIA, which did not take the creation of the idler into ac-
count. We calculate the gain in our simulations from the ratio

of the amplified intensity to the seed, that is g = 1
L ln ( I (L)

I (0) ),
where I (L) = I (ω, k⊥, L) and I (0) = I (ωs, ks, 0). In Fig. 5,
we show the effect of propagation on a 100-fs seed pulse (the
signal) focused to ws = 50 µm with a central wavelength of
1000 nm (λp = 800 nm). At z = 0, the seed intensity is six
orders of magnitude lower than the pump. In the first 100 µm,
there is little amplification of the signal because during this
initial interaction, the pump and signal mix to create the idler.

The signal and idler intensities are (in the undepleted pump
approximation), respectively [33],

Is(z) ≈ Is(0) cosh2
( g

2
z
)
, (7)

Ii(z) ≈ ωi

ωs
Is(0) sinh2

( g

2
z
)
. (8)

Because the amplification is assumed to be exponential, which
occurs when exp(−gz) � 1, this initial interaction with the
crystal decreases the calculated gain. We suggest that to more
accurately predict the gain, assuming that exp(−gz) = 0.1
is sufficiently small, then the initial z = − 1

g ln(0.1) ≈ 89 µm
should be subtracted from L. This correction decreases the
amplification by an order of magnitude. Once the signal and
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FIG. 5. The amplification of a 100-fs pulse through 0.5-mm
MgO. (a) There is little amplification of the signal (dotted orange)
within the first 100 µm as the idler (dashed yellow) is created.
Between 0.1 and 0.35 mm, g = 25.8 mm−1 (dashed black). Ampli-
fication of the signal and idler saturates when they reach ≈1% of
the pump (solid blue) intensity; at this point higher-order beam-
lets (second-order SO signal, dot-dashed purple; SO idler, double
dot-dashed green) are of comparable intensity. (b) Amplified beams
shown in (k⊥, ω) space with KIA prediction (solid black).

idler are approximately the same intensity, they both grow
with a gain g = 25.8 mm−1 (dashed black), near the predicted
value given by KIA (g = 26.7 mm−1).

Once the signal and idler are ≈1% of the pump, they
saturate and the SO signal and idler also saturate. Because
of the pump depletion, the pump intensity decreases by ≈4%.
These SO beamlets are from cascaded FWM with twice the
gain. Further beamlets are then created, which can extend to
the XUV [36,47].

When we reach saturation, these higher-order beamlets are
of comparable intensity to the signal and idler, as shown in
Fig. 5(b). The signal, at ω/ω0 = 0.8, has a transverse momen-
tum that matches the maximum KIA gain curve (overlaid in
solid black). We note that due to the symmetry of the gain, the
idler is also located on the curve of maximum gain (phase
matching) at ω/ω0 = 1.2. The SO beamlets are located at
symmetric points in (k, ω) space. Although we cannot directly
amplify the second harmonic with KIA, it is possible to use
the cascading FWM to create the second harmonic.
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FIG. 6. Spatial and temporal optimization of the gain for finite
pulses compared to KIA (solid black); self-phase modulation and
self-focusing distort short, tightly focused pump pulses, limiting the
gain. (a) Seed pulse duration of 20 fs (dotted blue) is more efficiently
amplified by shorter pump pulses than seed of 200 fs in duration
(dashed orange). (b) The seed waist beam also must be well within
the pump beam waist, wp.

As previously discussed, the amplification process is opti-
mized when the seed pulse is well within the pump envelope,
both temporally and spatially. In Fig. 6 we discuss optimizing
the gain by varying the pump pulse duration and the seed
beam width. In Fig. 6(a), we investigate the gain as a function
of pump pulse duration for 20-fs (dotted blue) and 200-fs
(dashed orange) seed pulses. To calculate the gain, we inte-
grate over the amplified spectrum and fit the curve to

1

f (τp)
= 1

aτ b
+ 1

c
, (9)

where c = 23.0 mm−1 for τs = 20 fs and c = 22.3 mm−1 for
τs = 200 fs. The gain predicted by KIA (g ≈ 26.7 mm−1) is
shown for reference. The gain depends on the pump pulse du-
ration τp when τp � 5 × τs, and then approaches a maximum
limit.

We also investigate the spatial overlap to optimize the
amplification in Fig. 6(b), with the pump waist wp = 400 µm
and pump pulse duration 	t = 800 fs. We fit this gain as a
function of seed width to the function

f (ws) = a −
(

ws

b

)c

, (10)

where a = 24.2 mm−1 and b = 55.5 µm. When the seed waist
ws � 5wp, the seed is most efficiently amplified. We note that
for longer crystals, amplification is less sensitive to the seed
parameter because the portion of the seed that is spatially and
temporally within the peak of the pump envelope is efficiently
amplified. Although propagating in two dimensions decreases
the spatial dispersion of the beam, effectively increasing the
Rayleigh range, we find that this effect only plays a significant
role for seed beams smaller than 30 µm. In three dimensions,
the larger seed beam divergence may lead to a decrease in
amplification for beams of such small beam waists.

V. CONCLUSIONS

In conclusion, we compare the amplification predicted by
Kerr instability with a 2D propagation simulation. We find
good agreement between previously developed KIA theory
and our simulation, where disagreement stems largely from
the finite pump beam size and pulse duration, as well as pump
pulse propagation effects. We find agreement for the angle
dependence between KIA and FWM when the nonlinear Kerr
coefficient is considered. We also find a frequency dependence
of the gain, leading the way for modified parametric ampli-
fication equations. The amplification of long pulses leads to
substantial spectral broadening and pulse compression. We
find it is possible to amplify few-cycle pulses without spatial
chirp when the seed wavelength is near the pump. We also
note that this broadband amplification is not limited to the near
infrared, but is also achievable with mid-IR pump sources and
can amplify single-cycle pulses.
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APPENDIX: KERR INSTABILITY
AMPLIFICATION EQUATIONS

We use the equations from Nesrallah et al. [18] to generate
the Kerr instability amplification gain curve of Fig. 1(a). We
summarize and transcribe the necessary equations for repro-
ducing these curves here.

The wavelength and angular dependence of maximum gain
(solid black line) is given by

gmax = kpδ
2
⊥

k2
p − σ 2D2

u

. (A1)
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The transverse instability half width is

δ2
⊥ =

kn−kn+
√

k2
p − σ 2D2

u

kp
, (A2)

where

σ = kv + Dg

kp
. (A3)

The nonlinear wave vector is

kn± = ωp ± �

c

√
n2Ip, (A4)

where

� = ω − ωp. (A5)

The perturbation wave vector is given by

k2
v = ω2

c2
(n2 + 2n2Ip). (A6)

The odd and even dispersion relations are

Du = 1

c
(ηp� + ηg� + ηuωp), (A7)

Dg = 1

c
(ηgωp + ηu�), (A8)

respectively, allowing for dispersion to be accounted for with-
out approximations. The refractive index, in this notation,

becomes

η =
√

n2 + 2n2Ip, (A9)

which has also been separated into even and odd components
without approximation:

ηg,u = 1
2 [	η(�) ± 	η(−�)], (A10)

where

	η = η(ωp + �) − ηp. (A11)

The gain amplitude is

g = −2Im{Kg}, (A12)

where Im is the imaginary part of

Kg = −1

2

kp

√
(κ2

⊥ − k2
⊥)2 − δ4

⊥
k2

p − σ 2D2
u

(A13)

and

κ2
⊥ = (

k2
p − D2

u

)
(σ 2 − 1). (A14)

The seed transverse momentum, k⊥, is the array of possible
seed transverse momentum values.
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